In this paper, we analyze the compatibility of Fong's reduction and the Glauberman correspondence of characters and then clarify that the p-solvable hypothesis in a paper of Harris and Linckelmann is not necessary.
7. Let J be the set of all defect groups of d. It is well known that K acts transitively on J. Since A stabilizes d, A also acts on J. We consider the action of K A on J defined by these two actions of A and K on J. Since |A| and |K| are co-prime, by [3, Lemma 13.8 and Cor. 13.9], the J A of all A-stable elements of J is non-empty and C K (A) acts transitively on J A . Similarly b also has A-stable defect groups and C G (A) acts transitively on all these defect groups. By the isomorphism (6.2), all defect groups of d are also defect groups of b. Since P is a defect group centralized by A, adjusting K and d by suitable C G (A)-conjugation, we can assume that P ≤ K and P is a defect group of d. Let e and g be the Glauberman correspondents of d and f respectively. Since we assume O p (G) ∩ C G (A) = O p (C G (A)), g is actually a block idempotent of OO p (C G (A)).
Proposition 8.
Keep the notation and hypotheses as above. Then the stabilizer of g under the C G (A)-conjugation is equal to C K (A), ge = e and there is an isomorphism
It is trivial to see that [5, Th. 5 .1] still holds without the p-solvable condition. Now we assume that the block idempotent f of OO p (G) is stabilized by G A;
9.
Obviously G acts on the full matrix algebra OO p (G)f over O, and by the Skolem-Noether theorem, there exists a group homomorphism
We denote byĜ the set of all elements (x, s) such that ρ(x) is the image of s in 
Lemma 11. Keep the notation and hypotheses as above. Then
Proof. This lemma easily follows from the proof of [5, 4.5 
12.
Since OO p (G)f is a full matrix algebra over O and its rank over O is prime to p, the restriction to R of the homomorphism ρ can be lifted to a unique homomorphism
* such that det(σ(u)) = 1 for any u ∈ R (refer to [7, para. 6.2] ).
By this homomorphism, we define a new homomorphism R →Ĝ, u → (u, σ(u)), which is injective and whose image intersects O * trivially. We identity R with its image through this homomorphism. We claim that
Firstly, since OO p (G)f is a full matrix algebra over O, by the Skolem-Noether theorem, for any a ∈ A and u ∈ R, a(σ(u)) is equal to some conjugate of σ(u) in OO p (G)f and thus det(a(σ(u))) = 1; then it follows from the uniqueness of the homomorphism σ that a(σ(u)) = σ(u) for any a ∈ A and u ∈ R. This shows that A centralizes the subgroup R ofĜ. Secondly it is clear that s u σ(u) −1 is an invertible element of O with order dividing m. Therefore there is some λ ∈ μ m such that s u = λσ(u) and then (u, σ(u)) ∈ G . The claim is proved.
13
. By [5, Th. 4.4] , there is an algebra isomorphism
Moreover the image of P inḠ is a defect group ofb (refer to [8, Cor. 6.6] ). Since P and the image of P inḠ are isomorphic, we identify them. We let α be the unique character of OO p (G)f and denote by Irr(Ĝ • ,b) the set of characters of all
-modules. Then by the isomorphism (13.2), we obtain a bijection
14. By paragraph 9 applied to C, OO p (C) and g, we obtain a group homomorphism :
By this homomorphism, we construct an O * -groupC with the O * -quotient C, which is the set of all elements (y, t) such that (y) is the image of t in (
where t ∈ (OO p (C)g) * and y ∈ C. Just asĜ in paragraph 9,Ĉ has three subgroups: the first is the normal group {(y, yg)|y ∈ O p (C)} and we identity this normal subgroup with O p (C); the second is the subgroup C consisting of all elements (y, λt y ), where λ ∈ μ m , y ∈ C and t y belongs to (OO p (C)g) * such that (y, t y ) ∈C and det(t y ) = 1; the third is the
* is the unique lifting of the restriction of to R such that det(ς(u)) = 1 for any u ∈ R. Note that the exponent of C also divides m (refer to Lemma 11) and that R ⊂ C (refer to (12.1)). We set
and denote by (x, t) the image of (x, t) inC for any (x, t) ∈C. ThenC is an O * -group with O * -quotientC.
15
Let β be the unique character of OO p (C)g and denote by Irr(C • ,c) the set of
. By the isomorphism (15.2), we obtain a bijection
Lemma 16. Keep the notation and hypotheses as above. Then CĜ(A) =Ĉ and
Proof. Take x ∈ C and let K be the set of all the inverse images of x through the canonical surjective homomorphism G → G. Then since it follows from Lemma 11 that G is A-stable, A stabilizes K. Consider the action of μ m × A on K defined by the left multiplication of μ m on K and the above A-action on K together. Since μ m acts regularly on K and A and μ m have co-prime order, by [3, Lemma 13.8 and Cor. 13.9], A has to stabilize some element of K and μ m regularly acts on these A-stabilized elements; in particular, A stabilizes all elements of K. This shows that
The following two lemmas will be used to analyze the local structure of the O(G × C G (A))-module in Theorem 3 inducing Morita equivalence between OGb and OC G (A)c. For the compatibility of Fong's reduction with the Glauberman correspondence of characters (see Proposition 23 below), they can be skipped for now.
Lemma 17. Keep the notation and hypotheses as above. There is an isomorphism
which preserves R and O p (C) element-wise and makes the following diagram commutative:
Proof. We choose a local subring O of K obtained by adding a primitive |O p (G)|-th root ξ of unity to the ring of rational integers Z and localizing Z[ξ] at a maximal ideal containing q; then |O p (G)| is invertible in O and the residue field k of O is equal to F q (ξ) and has characteristic q. Let α be the unique character of OO p (G)f . Then for any a ∈ OO p (G)f , by the Fourier inversion formula, we have
Whenever a takes f or s x for x ∈ C, az −1 has finite order dividing m. Therefore
We denote byḡ the image of g in k O p (C). Since br A (s x ) and br A (t x ) both act on k O p (C)ḡ as x for any x ∈ C, there is a unique ν x ∈ k * such that br A (s x ) = ν x br A (t x ). Moreover since br A (s x ) and br A (t x ) both have order dividing m, ν x has finite order dividing m. Therefore we can uniquely lift ν x to an invertible element of O with the same order as ν x ; we still denote this invertible element by ν x . Then by the proof of [5, 4.5.8], we can prove that there is an isomorphism of O * -groups (17.2)C ∼ =Ĉ which maps (x, t x ) onto (x, ν x s x ) for any x ∈ C and (x, xg) onto (x, xf ) for any x ∈ O p (C). In particular, the isomorphism (17.2) induces an isomorphism C G (A) ∼ = C . The latter preserves O p (C) element-wise and fulfilling (17.1), but unfortunately it does not preserve R element-wise. So we have to adjust the isomorphism (17.2).
Since R ⊂ C G (A) and R ⊂ C (refer to (12.1) and paragraph 14), without loss of generality, we take t u to be ς(u) and s u to be σ(u) for any u ∈ R. Then the isomorphismC ∼ =Ĉ above implies that for any u, v ∈ R, ν u ν v = ν uv . This shows that the function ν : R → Z[ξ], u → ν u is a linear character of R. We claim that ν is C-stable. By the uniqueness of σ and ς, we have xσ(u)x −1 = σ(xux −1 ) and xς(u)x −1 = ς(xux −1 ) for any x ∈ C and u ∈ R such that xux −1 ∈ R. Then we have
The claim is proved.
Notice that R is a Sylow p-subgroup of C. Then by [5, Prop. 2.6], ν can be extended to a linear character of C and we still denote this character by ν. By using ν, we define a mapC
Then it is easily checked that this map is an isomorphism of O * -groups and its inverse induces the desired isomorphism Φ : C G (A) ∼ = C in the lemma.
We define a function α on G by setting α (x, s) = α(s)
for any (x, s) ∈ G . Then α is an irreducible character of G extending α through the inclusion O p (G) → G . Since OO p (G)f is a full matrix algebra over O, by the Skolem-Noether theorem, for any (x, s) ∈ G and a ∈ A, a(s) is equal to some conjugate of s in OO p (G)f . Therefore α (a(x, s)) = α (x, s) and α is A-stable. Similarly a function β on C defined by
for any (y, t) ∈ C is also an irreducible character of C , which extends β through the inclusion O p (C) → C .
Lemma 19. Keep the notation and hypotheses as above. Then there is a linear character γ : C → O such that the following hold:
19.1. μ m ⊂ Ker(γ ) and Im(γ ) ⊂ μ m .
The map Θ : C G (A) → C , (t, y) → γ (Φ(t, y))Φ(t, y)
is an isomorphism preserving O p (C) elementwise.
π(G , A)(α
is an irreducible character of C and is an extension of β. Therefore there is a linear character γ :
γ (ξ) = 1 and μ m ⊂ Ker(γ ). The inclusion Im(γ ) ⊂ μ m is obvious since the exponent of C divides m. So up to now, 19.1 is proved. The latter two can be trivially verified.
Lemma 20. Keep the notation and hypotheses as above. Then CḠ(A)
and we have an isomorphism 
By this equality and the assumption that 
By Lemma 16,Ĉ = CĜ(A); thereforeĈO p (G)/O p (G) = CĜ(A)O p (G)/O p (G) ⊂ CĜ(A). On the other hand, it follows from Lemmas 20 and 21 thatĈO p (G)/O p (G)
and CĜ(A) both are O * -groups with the O * -quotientC. Therefore the above
should be an equality. ThenΓ is the desired isomorphism.
Obviously the group isomorphisms Γ andΓ induce isomorphisms
We still denote these isomorphisms by Γ andΓ respectively.
Proposition 23. Keep the notation and hypotheses as above. Then there is a bijection π(Ĝ
• , which occurs with a multiplicity prime to q.
If
Proof. In this proof, we will identifyĈ withC through Γ andĈ withC throughΓ. By our hypothesis, the map π (G, A, b) : A) the composition of the inverse of the bijection (13.3), π(G, A, b ) and the bijection (15.3). Take χ ∈ Irr(G, b) and set
Then in order to prove the proposition above, it suffices to show thatψ is the unique irreducible constituent of the restriction ofχ to K ⊗ O O * C
• , which occurs with a multiplicity prime to q. We inflate χ to χ through the canonical surjective homomorphism G → G and ψ to ψ through the canonical surjective homomorphism C → C. Since π(G, A)(χ) = ψ, π(G , A)(χ ) = ψ . We define a functionχ on G by settingχ (x, s) =χ((x, s)) for any (x, s) ∈ G . Thenχ is an irreducible character of G and it follows from the isomorphism (13.3) that χ (x, s) = α (x, s)χ (x, s) for any (x, s) ∈ G . Moreover since χ and α are A-stable, so isχ . Similarly the functionψ on C by defininḡ ψ (y, t) =ψ((y, t)) for any (y, t) ∈ C is also an irreducible character of C and fulfills the equality ψ (y, t) = β (y, t)ψ (y, t) for any (y, t) ∈ C .
We decompose the restriction Res 
where l is the multiplicity of β in the restriction of α to C . Therefore since 
and the character of ( ) ⊗ O iOO p (G) has Δ(P ) as a vertex.
